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A version of the proof for
Peres-Shlag's theorem on launary sequenes.
Moshhevitin N.G.
1
We present a proof of a multidimensional version of Peres-Shlag's theo-
rem on Diophantine approximations with launary sequenes.
1. Introdution.
A sequene {tj}, j = 1, 2, 3, .. of positive real numbers is dened to be
launary if for some M > 0 one has
tj+1
tj
≥ 1 + 1
M
, ∀j ∈ N. (1)
Erdos [1℄ onjetured that for any launary sequene there exists real α suh
that the set of frational parts {αtj}, j ∈ N is not dense in [0, 1]. This
onjeture was proved by Pollington [2℄ and de Mathan [3℄. Some quantitative
improvements were due to Katznelson [4℄, Akhunzhanov and Moshhevitin
[5℄ and Dubikas [6℄. The best known quantitative estimate is due to Peres
and Shlag [7℄. The last authors proved that with some positive onstant
γ > 0 for any sequene {tj} under ondition (1) there exists a real number
α suh that
||αtj|| ≥ γ
M logM
, ∀j ∈ N.
In their proof Peres and Shlag use a speial variant of the Lovasz loal
lemma.
In the present paper we (following the arguments from [7℄) prove a multidi-
mensional version of the above result by Peres and Shlag. Our proofs avoid
the terminology from probability theory.
2. Notation and parameters. µ(·) denotes the Lebesque measure.
For a set A ⊂ Rd we denote Ac = [0, 1]d \A. Let M ≥ 8 and t1 ≥ 2. We shall
1
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use the parameters
δ =
1
211(M logM)1/d
, δ1 = 2
4d+1δd, h = ⌈23dM logM⌉
and
lj =
⌊
log2
tj
2δ
⌋
. (2)
Note that
1− (16δ)dh ≥ 1/2, (3)
1− 2δ1h ≥ 1/2, (4)
and from (1) one has
ti+h
ti
≥
(
1 +
1
M
)h
≥M23d log 2 ≥ 1
δ
. (5)
For the proof of our result we need the sets
E(j, a) =
{
x ∈ [0, 1] :
∣∣∣∣x− atj
∣∣∣∣ ≤ δtj
}
.
For integer point a = (a1, ..., ad) ∈ Rd denote
E(j, a) = E(j, a1)× ...× E(j, ad)
Eah Ej,a is overed by a opened dyadi segments of the form
(
b
2
lj
, b+ε
2
lj
)
, ε ∈
{1, 2}. Then the set ⋃
0≤a1,...,ad≤⌈tj⌉
E(j, a)
⋂
[0, 1]d
is overed by some union of dyadi boxes of the form(
b1
2lj
,
b1 + ε1
2lj
)
× ...×
(
bd
2lj
,
bd + εd
2lj
)
εk ∈ {1, 2}.
We denote this union as Aj. So⋃
0≤a1,...,ad≤⌈tj⌉
E(j, a) ∩ [0, 1]d ⊆ Aj ,
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and the omplement Acj = [0, 1]
d \ Aj an be represented as a union Acj =
∪1≤ν≤TjIν of losed dyadi boxes of the form[
b1
2lj
,
b1 + 1
2lj
]
× ...×
[
bd
2lj
,
bd + 1
2lj
]
. (6)
Moreover the set ∩j≤iAcj also an be represented as⋂
j≤i
Acj =
⋃
1≤ν≤Ti
Iν
with dyadi intervals Iν of the form (6). Note that
µ(Aj) ≤
(
4δ
tj
)d
(⌈tj⌉+ 1)d ≤ (16δ)d. (7)
3. The results.
Theorem 1. Let d ∈ N and t1 ≥ 2, M ≥ 8. Then for any sequene {tj}
under ondition (1) there exists a set of real numbers (α1, ..., αd) suh that
max
1≤k≤d
||αktj|| ≥ 1
211(M logM)1/d
, ∀j ∈ N.
We give the proof of the Theorem 1 in setions 4,5.
For a vetor ξ = (ξ1, ..., ξd) ∈ Rd we dene
||ξ|| = max
1≤j≤d
min
aj∈Z
|ξj − aj |.
Theorem 2. Let d ∈ N and t1 ≥ 2, M ≥ 8. Let the sequene {tj}
satises (1). Let {Sj} ⊂ Od be a sequene of orthogonal matries and Gj =
tjSj. Then there exists a real vetor α = (α1, ..., αd) suh that
||Gjα|| ≥ 1
213d(M logM)1/d
, ∀j ∈ N.
Of ourse the onstants in Theorems 1,2 may be improved.
Corollary. There exists an eetive positive onstant ∆ with the follow-
ing property. For any omplex number θ = a+bi, |θ| > 1 there exists omplex
α suh that for the the distane to the nearest Gaussian integer (in sup-norm)
one has
||θjξ|| ≥ ∆min
{
(|θ| − 1)
log(2 + 1/(|θ| − 1)); 1
}
, ∀j ∈ N.
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The orollary follows from the Theorem 2 for d = 2 with launary se-
quene |θj| and the matrix sequene Sj, S = 1
|θ|
(
a b
b −a
)
. The ase |θ| > 1
easily an be redued to the ase |θ| > 8.
We must note that reently Dubikas [8℄ proved the following result. Let
t0, t1, t2, ... be a sequene of non-zero omplex numbers satisfying |tj+1| ≥ a|tj |
with real a > 1 . Let νi be a omplex number. Then there exists a omplex
number α suh that the numbers αtj , j = 0, 1, 2, ... all lie outside the union of
open squares entered at ν +Z[i] whose sides, parallel to real and imaginary
axis are equal to (a − 1)/20 for a ∈ (1, 11 − 4√5] and (a − 2)/(a − 1) for
a > 11− 4√5.
4. The prinipal lemma
Lemma 1. Let µ
(⋂
j≤iA
c
j
)
6= 0 Then
µ
(
Ai+h
⋂
(
⋂
j≤i
Acj)
)
≤ δ1µ
(⋂
j≤i
Acj
)
.
Proof. The proof is idential to the proof of formula (3.9) from [7℄. We
have
µ
(
Ai+h
⋂
(
⋂
j≤i
Acj)
)
=
Ti∑
ν=1
µ(Ai+h
⋂
Iν).
As µ
(∩j≤iAcj)) 6= 0 the sum here is not empty and Ti ≥ 1. Ai+h an be
overed by a union of losed dyadi boxes of the form[
b1
2lj+h
,
b1 + 1
2lj+h
]
× ...×
[
bd
2lj+h
,
bd + 1
2lj+h
]
.
Let J be a dyadi box from this overing of Ai+h (its measure is equal to
2−dli+h). If µ(J ∩ Iν) 6= 0 then J ⊆ Iν . Let
Iν =
[
b1
2li
,
b1 + 1
2li
]
× ...×
[
bd
2li
,
bd + 1
2li
]
and the box J appears from the overing of the box E(i+ h, a). Then
a
ti+h
∈
(
b1
2li
− δ
ti+h
,
b1 + 1
2li
+
δ
ti+h
)
× ...×
(
bd
2li
− δ
ti+h
,
bd + 1
2li
+
δ
ti+h
)
.
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Let Wν be the number of integer points a satisfying the ondition above.
Then
Wν ≤
(⌊(
1
2li
+
2δ
ti+h
)
ti+h
⌋
+ 1
)d
≤ (2−liti+h + 2)d. (8)
Now we dedue
µ
(
Ai+h
⋂(⋂
j≤i
Acj
))
≤ 2d
Ti∑
ν=1
2dWν
2dli+h
≤
Ti∑
ν=1
(2−liti+h + 2)
d
2dli+h
≤ (9)
≤ 22d
Ti∑
ν=1
(
max
(
2−liti+h
2li+h
,
1
2li+h−1
))d
≤ 22d
(
Ti∑
ν=1
µ(Iν)
(
ti+h
2li+h
)d
+
Ti∑
ν=1
(
1
2li+h−1
)d)
.
But
Ti∑
ν=1
µ(Iν)
(
ti+h
2li+h
)d
= µ
(⋂
j≤i
Acj
)(
ti+h
2li+h
)d
.
Applying (2) we have li+h ≥ log2 ti+h2δ − 1 and
Ti∑
ν=1
µ(Iν)
(
ti+h
2li+h
)d
≤ (4δ)dµ
(⋂
j≤i
Acj
)
. (10)
From another hand
Ti∑
ν=1
(
1
2li+h−1
)d
=
2dTi
2dli+h
= 2dµ
(⋂
j≤i
Acj
)(
2li
2li+h
)d
as µ
(⋂
j≤iA
c
j
)
= Ti2
−dli
. Now from (2) we have
2li
2
li+h
≤ 2 ti
ti+h
. Applying (5)
we dedue
Ti∑
ν(
T
j≤i A
c
j)=1
(
1
2li+h−1
)d
≤ 2d+1δdµ
(⋂
j≤i
Acj
)
. (11)
Lemma 1 follows from (9,10,11).
5. Proof of Theorem 1.
The arguments of this setion are te same as the arguments from the
variant of the Lovasz loall lemma used in [7℄.
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We shall prove by indution that the inequality
µ
(⋂
j≤i
Acj
)
≥ 1
2
µ
( ⋂
j≤i−h
Acj
)
> 0, (12)
holds for all natural i.
1. The base of indution. For i ≤ 0 we dene Aci = [0, 1]d. Then the
statement is trivial for i ≤ 0. We shall hek (12) for 0 ≤ i ≤ h. It is
suient to see that
µ
( ⋂
1≤j≤h
Acj
)
≥ 1
2
. (13)
But
µ
( ⋂
1≤j≤h
Acj
)
≥ 1−
h∑
j=1
µ(Aj).
We must take into aount (7). Now (13) follows from (3).
2. The indutive step. We suppose (12) to be true for all i ≤ t.
We have
⋂
j≤t+1
Acj =
(
...
(( ⋂
j≤t+1−h
Acj
)
\ At+1−h+1
)
\ · · ·
)
\ At+1.
Then
µ
( ⋂
j≤t+1
Acj
)
≥ µ
( ⋂
j≤t+1−h
Acj
)
−
h∑
v=1
µ
(
At−h+1+v
⋂( ⋂
j≤t+1−h
Acj
))
.
(14)
Note that for the values of v under onsideration we have t+1−h ≥ t+1+
v − 2h. It means that ⋂
j≤t+1−h
Acj ⊆
⋂
j≤t+1+v−2h
Acj .
Hene by Lemma 1
µ
(
At−h+1+v
⋂( ⋂
j≤t+1−h
Acj
))
≤ µ
(
At−h+1+v
⋂( ⋂
j≤t+1+v−2h
Acj
))
≤
6
≤ δ1µ
( ⋂
j≤t+1+v−2h
Acj
)
.
So for 1 ≤ v ≤ h we have
µ
(
At−h+1+v
⋂( ⋂
j≤t+1−h
Acj
))
≤ δ1µ
( ⋂
1≤t+1−2h+v
Acj
)
≤ δ1µ
( ⋂
1≤t+2−2h
Acj
)
.
But h ≥ 2 and from our indutive hypothesis for t + 2− h we have
µ
( ⋂
j≤t+1−h
Acj
)
≥ µ
( ⋂
j≤t+2−h
Acj
)
≥ 1
2
µ
( ⋂
j≤t+2−2h
Acj
)
and hene
µ
( ⋂
j≤t+2−2h
Acj
)
≤ 2µ
( ⋂
j≤t+1−h
Acj
)
.
Now
µ
(
At+1+h−v
⋂( ⋂
j≤t+1−h
Acj
))
≤ 2δ1µ
( ⋂
1≤t+1−h
Acj
)
. (15)
So from (14,15) we have
µ
( ⋂
j≤t+1
Acj
)
≥ (1− 2δ1h)µ
( ⋂
j≤t+1−h
Acj
)
and (12) follows from the inequality (4). Now from (12) and the ompatness
of the sets Aci Theorem 1 follows.
6. Comments on the proof of Theorem 2.
The proof of the rst inequality from theorem 2 is quite similar to the
proof of the Theorem 1. Instead of parameters δ, δ1, h we should use
δ′ =
1
213d(M logM)1/d
, δ′1 = 2
4d+1dd(δ′)d, h′ = ⌈23d+3M logM⌉.
The inequalities analogial to (3,4,5) are satised. We must deal with the sets
E ′(j, a) = S−1j E(j, a) and their overing by dyadi boxes A
′
j . Then instead
of (7) we get
µ(A′j) ≤
(
2(⌈√d⌉+ 1)δ′
tj
)d
(⌈
√
dtj⌉+ 1)d ≤ (16δ′)d.
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instead of the Lemma 1 we get
Lemma 2. Let µ
(⋂
j≤i(A
′
j)
c
)
6= 0 Then
µ
(
A′i+h
⋂
(
⋂
j≤i
(A′j)
c)
)
≤ δ′1µ
(⋂
j≤i
(A′j)
c
)
.
The sketh of the proof is as follows. For the number W ′ν of the boxes
E ′(j + h, a) interseting the box Iν we have
W ′ν ≤ (2−liti+h + 2
√
d)d
instead of (8). Then instead of (9) we get
µ
(
A′i+h
⋂(⋂
j≤i
(A′j)
c
))
≤ (2
√
d)d
Ti∑
ν=1
2dW ′ν
2dli+h
≤
≤ 22ddd
(
Ti∑
ν=1
µ(Iν)
(
ti+h
2li+h
)d
+
Ti∑
ν=1
(
1
2li+h−1
)d)
.
From these inequalities we dedue Lemma 2. Now the proof of the Theorem
2 follows setion 5 word by word.
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